The threshold for H-atom ionization by elliptically polarized microwave fields is discussed within the classical-mechanics framework using the Chirikov overlap criterion. It is shown that the trends observed in the recent experiment ͓M. R. W. Bellermann et al. Phys. Rev. Lett. 76, 892 ͑1996͔͒ are qualitatively reproduced by the theory; the origin of the remaining discrepancy is discussed. Increased stability of some orbits with respect to the perturbation due to the elliptically polarized microwaves has been related to vanishing widths of the corresponding resonance islands. Analytic Chirikov overlap prediction is compared with results of numerical simulations.
I. INTRODUCTION
The ionization of hydrogen atoms by linearly polarized ͑LP͒ microwaves has been intensively studied for more than 20 years ͑for a recent review see ͓1͔͒. Similarly, a considerable understanding of the effects induced by circularly polarized ͑CP͒ radiation is now available ͓2͔. By far much less is known for the general case of elliptically polarized ͑EP͒ microwaves. Until very recently the studies considered only the dependence of the ionization threshold on the microwave polarization in the regime of low frequencies ͑i.e., when the microwave frequency Ӷ K , where K is the Kepler frequency corresponding to the initial atomic state͒. Here experimental results for alkali-metal atoms ͓3,4͔ have been reproduced by classical simulations ͓5͔. The regime of high frequencies has been partially discussed within the framework of quantum localization theory using the so-called Kepler map ͓6͔. This approach, however, has been questioned ͑at least for the limiting case of CP microwaves͒ by Nauenberg ͓7͔. Similarly, quantum-numerical simulations ͓2͔ have shown the limitation of the Kepler map approach applied to CP microwaves.
In view of the very few results available, the recent study of Bellerman et al. group ͓8͔ may be a cornerstone triggering the investigation of the EP case, a situation somewhat more complicated than the limiting cases of both the LP and the CP cases. In the former case the conservation of the angular momentum projection onto the polarization axis L z makes the dynamics effectively two dimensional. In the latter situation, while L z is not conserved, the transformation to the frame rotating with the microwave frequency removes the explicit oscillatory time dependence ͓2͔. Both these simplifications are no longer possible in the general EP microwave field and the problem becomes truly multidimensional, providing new challenges to the theory.
Despite these basic differences between the various polarization cases, the experimental results ͓8͔ reveal a similarity between the ionization threshold behavior as a function of the scaled frequency 0 ϭ/ K in the vicinity of the primary resonance between the driving field and the Kepler motion, i.e., for 0 ͓0.6,1.4͔, provided the microwave field amplitude is appropriately rescaled. The experimental data are quite faithfully reproduced by classical fully threedimensional ͑3D͒ simulations; moreover, as briefly described by Bellermann et al. ͓8͔ , the polarization independence of the threshold may be understood by a classical analysis of the pendulum Hamiltonian, which is valid in the vicinity of the primary resonance. Bellermann et al. point out, however, that at microwave amplitudes higher than the 10% ionization threshold, e.g., values that lead to 50% ionization, the polarization of the microwave field becomes more important. Specifically, the ionization yield P(F) as a function of the microwave maximal amplitude F increases slower for CP than for LP radiation ͓8͔. The ionization threshold ͑i.e., F value leading to a given, typically chosen to be 10%, fraction of atoms being effectively ionized ͓9͔͒ is determined by the behavior of those initial states of a given principal quantum number n 0 that are most vulnerable to microwave perturbation ͑the initial sample of atoms having a well defined n 0 is a mixture of different angular quantum numbers in the experiment ͓8͔͒. To understand the atomic response for higher microwave amplitudes one should consider the atomic states more resistant to perturbation, which ionize at higher F values and determine the behavior of P(F).
The aim of this paper is to provide an analysis of the ionization threshold dependence for the state-specific experiment, i.e., assuming that the atoms are prepared in a welldefined initial state (n 0 ,l 0 ,m 0 ). Such complete information is sufficient to understand the P(F) behavior for an arbitrary initial mixture of states. Since in the studied regime of frequencies the classical simulations reproduce experimental data quite well ͓8͔ we limit ourselves here to a classical dynamics picture, determining the thresholds using the Chirikov overlap criterion ͓10͔. We shall in fact limit the discussion here to the simplified 2D model of an atom, restricting the motion of the electron to the polarization plane. Such an approach proved to be quite useful in both classical ͓11-13͔ and quantum ͓2͔ studies of the ionization in the presence of CP microwaves. Clearly, such a restricted model ͑assuming the quantization axis to be perpendicular to the polarization plane we can treat the initial states of l 0 ϭm 0 only͒ may provide qualitative information only. Still, it may be sufficient to understand the sensitivity of the ionization signal to the microwave polarization.
The results obtained below, while providing some under-standing of the existing data ͓8͔, should be of relevance for future experiments. In particular, they are applicable to possible experiments with initial states of well-defined quantum numbers. Present experimental techniques ͓14͔ allow for the preparation of both elongated and circular or elliptic states. Thus it should be possible to prepare quantum states with well-defined quantum numbers before the atoms enter the microwave cavity. In Sec. II we shall present the classical dynamics analysis of the microwave excitation of H atoms. Applying the Chirikov overlap criterion, we derive the analytic estimate for the onset of unbounded diffusion in action space for atoms illuminated by the microwave field of arbitrary elliptical polarization ͓Eq. ͑2.21͔͒. Provided the microwave field is turned on for sufficiently long times ͑atoms cross the cavity with sufficiently low velocity͒ this estimate coincides with the ionization threshold. For shorter interaction times, the estimate provides a lower bound for the microwave amplitude that may result in effective excitation and/or ionization. Using the derived estimate, we discuss in Secs. III and IV the prediction for fields of different polarization ͑the CP results has been presented in ͓13͔͒. The analytic prediction is compared with the results of numerical simulations. Section V is devoted to a comparison of our results with the experiment of Bellermann et al. ͓8͔ . We conclude in Sec. VI.
II. RESONANCE OVERLAP ANALYSIS
Consider a hydrogen atom perturbed by an elliptically polarized microwave field in the dipole approximation. Restricting the motion of the electron to the polarization plane yields the Hamiltonian ͑in atomic units͒ of the 2D system:
where
͑2.2͒
and H 1 ϭxcostϩ␣ysint.
͑2.3͒
F () denotes the amplitude ͑frequency͒ of the microwave radiation, while ␣ determines the degree of ellipticity. In particular, ␣ϭ0 corresponds to a linear polarization, while ␣ϭ1 corresponds to a circular polarization of the microwave field. The EP field may be decomposed into two CP waves rotating in the opposite sense:
͑2.4͒
which allows us to express the Hamiltonian in the actionangle variables by directly transposing the expressions valid for a CP case ͓11,13͔,
In Eqs. ͑2.5͒-͑2.10͒ J is the principal action ͑a classical analog of the principal quantum number n), the corresponding angle, L the angular momentum ͑which is equivalent to the angular momentum projection on the z axis for the 2D case studied͒ with the conjugate angle ͑which is the angle between the x axis and the Runge-Lenz vector A ជ ).
J n (x) and J n Ј(x) are the Bessel function and its derivative, respectively, while e stands for the eccentricity of the initial orbit.
The pure Coulombic motion is characterized by the Kepler frequency the m:1 resonance occurs due to the first part of the perturbation while the second resonance condition is met for kϭϪm, J k ϭJ m . Note that for positive m, the first resonance corresponds to the electronic motion rotating around the nucleus in the same sense as the first CP wave in Eq. ͑2.4͒. Then the condition kϭϪmϽ0 signifies that the electron rotates in the opposite sense to the second CP wave in Eq. ͑2.4͒. We have called the former situation a ''corotating'' resonance, while the latter was a ''counterrotating'' resonance in the previous analysis of CP microwave field ionization ͓13͔. Let us immediately recall here that for loweccentricity orbits the corotating resonances strongly affect the electronic motion, while when the field rotates in the opposite direction from the electron, the atom is more resistant to the perturbation ͓13͔. This will have important consequences below. Let us apply now the secular perturbation theory around a given m:1 resonance. A canonical transformation to slowly varying variables Ĵ ϭJ/m and ϭmϪt allows us to average the perturbation over the remaining fast time variable. Such an approach is valid up to first order in F. Expanding simultaneously H 0 around the resonance value of the principal action JϭĴ ϪĴ m and leaving the terms quadratic in J yields the approximate resonance Hamiltonian
It is crucial to realize that while the resonance island motion is described by J and the conjugate variable , the remaining variables L, are conserved ͑approximately, up to the first order in F) and characterize the initial orbit ͑compare also the discussion in ͓8͔͒. In particular, L, via the eccentricity e, describes the orbit's shape, while ͑being an angle between the x axis and the Runge-Lenz vector͒ describes its orientation. Of course, on a long time scale changes leading to the precession of the electronic trajectory. Close to the center of the resonance island, where changes of are small, one can perform a further average over to get an integrable pendulum approximation for the effective secular motion. However, our aim here is quite an opposite one: we are interested in the motion close to the borders of the resonance island, where the overlap with the nearby resonances occurs. Thus and L may be considered as approximately conserved quantities, i.e., the parameters describing the initial trajectory. The effective Hamiltonian, ͑2.15͒ may be expressed as
where ␤ is a constant ͑up to the first order in F) and may be incorporated into by the shift of the origin while
͑2.17͒
The width of the resonance island is given as
Apart from the typical squareroot dependence on the perturbation strength represented by the amplitude of the microwave field F, all the information about the interaction is contained in ⌫ m . A comparison of Eqs. ͑2.15͒-͑2.17͒ indicates that the electron is in resonance simultaneously with two waves, with strengths of the interaction being characterized by (1ϩ␣)V m /2 and (1Ϫ␣)V Ϫm /2, respectively. Both waves are coupled to each other, the coupling strength being determined by the orientation of the electronic motion ellipse as given by , i.e., the angle between the x axis and the Runge-Lenz vector. The relevant range of changes in is the ͓0,/2͔ interval, which manifests itself in the form of ⌫ m . Following Eq. ͑2.17͒, ⌫ m may be represented geometrically as the length of the vector ⌫ m ϭ͉a ជ ϩb ជ ͉, where a ជ describes the ''first'' wave ͉a ជ ͉ϭ(1ϩ␣)V m /2 and b ជ represents the ''second'' wave ͉b ជ ͉ϭ(1Ϫ␣)V Ϫm /2, the angle between both vectors being 2. In particular, for ϭ0 ͑correspond-ing to the situation when the Runge-Lenz vector is parallel to the x axis, i.e., the direction of the large axis of the microwave polarization ellipse͒, the contributions of both resonances add constructively
while for ϭ/2, resonances act destructively
Therefore, the effective strength of the perturbation is strongly dependent on the orientation of the electronic ellipse. For the CP microwave field (␣ϭ1) the second wave vanishes and the former results ͓13͔ are reproduced.
Having prepared the stage, we are now ready to apply the Chirikov overlap criterion to estimate the ionization thresholds in our system. Before doing so, one should realize that the original system studied, even in two dimensions, has five-dimensional phase space due to the explicit time dependence of the Hamiltonian, ͑2.1͒. Thus the KolmogorovArnold-Moser ͑KAM͒ tori do not divide the phase space and the unbounded Arnold diffusion ͓15͔ is present in the system even if the resonances do not overlap. The Chirikov overlap criterion yields the threshold for the diffusion ''across the resonances,'' whereas the Arnold diffusion ''along the resonances'' appears for arbitrarily small microwave amplitudes. However, the Arnold diffusion is quite slow ͓15͔; moreover, it slows down considerably in the vicinity of KAM tori ͓16͔. Thus one should not expect it to lead, by itself, to high excitation ͑ionization͒ in realistic time intervals. Classical ionization ͑occurring for several hundreds of microwave periods in experiments ͓8͔͒ may thus be due only to diffusion across the resonances, the threshold for which may be estimated by the Chirikov overlap criterion.
Applying the criterion to two neighboring m:1 and mϩ1:1 resonances, together with the heuristic ''2/3'' rule ͓10,15,11,13͔, we obtain for the threshold microwave amplitude the analytic estimate
͑2.21͒
The above prediction is the lower bound for the unbounded diffusion starting in J somewhere on the border between the mth and the (mϩ1)th resonance. The bound depends on both the properties of the initial electronic orbit ͑its eccentricity e, or rather L and its orientation in the real space as given by ) and the ellipticity of the incoming microwave radiation ͑as determined by ␣). Typically in experiments the ionization thresholds are higher than the bound determined by the onset of the chaotic motion, even in the frequency range where quantum localization ͓6͔ plays no role and classical and quantum theoretical simulations agree. This is due to a finite interaction time in simulations and in experiments ͓17͔. On the other hand, close to the onset of the chaotic motion, the diffusion is slow due to bottlenecks to transports, such as cantori ͓18͔, and very long times are required for the ionization to occur. In the following sections we shall compare the predictions coming from the analytical estimate for the threshold ͓Eq. ͑2.21͔͒ with the results of numerical simulations for different initial atomic states and different microwave polarizations. This will allow us to gain some insight into the recent experimental results ͓8͔. We shall limit the discussion to the experimental frequency range ͓8͔ around the primary resonance. The onset of the ionization will be determined by the field amplitude at which mϭ1, i.e., the 1:1 resonance, and mϭ2, i.e., the 2:1 resonance, begin to overlap.
III. LINEAR POLARIZATION
We begin our discussion with the frequently studied case of linear polarization. Figure 1 presents the onset of chaos prediction based on the estimate, ͑2.21͒ for different initial orientations of the Kepler ellipse ͑as indicated by the values of in the figure͒ for different values of the initial angular momentum L 0 . The results are rescaled to Jϭ1, so L 0 ͓0,1͔. For the initial state with principal action Jϭn 0 the horizontal axis should be multiplied by n 0 . Similarly, the microwave amplitude is expressed as a scaled field F 0 ϭFn 0 4 . The corresponding scaled Chirikov overlap prediction value ͓Eq. ͑2.21͔͒ is denoted as F c in the following.
As expected, the initial orbits elongated parallel to the microwave polarization (ϭ0) have the lowest diffusion threshold for all initial eccentricities (eϭͱ1ϪL 0 2 ). For such oriented orbits, however, the threshold is not very sensitive to L 0 at least for L 0 Ͻ0.8. Surprisingly, the highesteccentricity orbits (L 0 Ϸ0) do not have the lowest diffusion threshold; the shallow minimum appears around L 0 ϭ0.7, corresponding to the eccentricity eϷL 0 . For low eccentricity, in almost circular states, the threshold rises rapidly, indicating that these states do not contribute to the ionization yield a close to experimentally measured 10% thresholds.
The difference between the minimum threshold and its value for lower L 0 is quite small. This explains why onedimensional models ͓1,6͔ may yield a reasonable prediction for the ionization onset. However, it is apparently not correct to say that the high eccentricity states elongated parallel to the polarization axis are most susceptible to the perturbation. It is appropriate to mention here that the recently obtained exact quantum results for the 3D atom in the same frequency range ͓19͔ point in the same direction. Clearly, the validity of the one-dimensional model to describe the ionization process in linear polarization should be reexamined in a broader frequency range ͓20͔.
For initial orbits inclined with respect to the polarization axis, the minimum of the threshold becomes more pronounced and shifts to lower eccentricity states. For such orbits the Chirikov overlap threshold rises rapidly with eccentricity for e sufficiently large. This is due to both the destructive effect of two waves rotating in the opposite directions ͓compare Eq. ͑2.20͔͒ and the fact that as L 0 →0, V m and V Ϫm become equal. In effect, the Chirikov criterion based on the effective Hamiltonian correct up to first order in F predicts that L 0 ϭ0 orbits perpendicular to the polarization axis (ϭ/2) are stable against the perturbation.
To see the typical average behavior, for orbits of different orientations one may use the resonance pendulum Hamiltonian obtained by averaging Eq. ͑2.16͒ over . The threshold values obtained from such an approach show also a pro- nounced minimum for L 0 Ϸ0.8 ͑thick line in Fig. 1͒ . This minimum practically coincides with the diffusion threshold for ϭ0, L 0 ϭ0 orbits, i.e., for the one-dimensional model of a H atom.
The predictions presented in Fig. 1 are compared with the results of classical simulations as shown in Fig. 2 . For the latter we assumed the flat-top microwave pulse of the form
While in the EP microwave experiment ͓8͔ a half-sine pulse is used, the flat-top pulse better corresponds to LP experiments ͓1͔. Typically we assume ϭ25 microwave cycles. Figure 2͑a͒ shows the ionization probability for orbits elongated parallel to the field (ϭ0) as a function of L 0 for two different pulse durations T. In both cases the behavior predicted by the overlap formula, Eq. ͑2.21͒ and depicted in Fig. 1 is reproduced qualitatively. Namely, the ionization yield obtained is not sensitive to L 0 for L 0 small and then sharply drops to zero for almost circular orbits. However, in a finite time simulation, the transition to ''excitation resistant'' states occurs around L 0 ϭ0.5 and is significantly shifted with respect to the L 0 ϭ0.7 prediction coming from the Chirikov criterion. This may be due to a finite interaction time as well as to the fact that in simulations we study the ionization yield for a fixed microwave amplitude and not the absolute threshold. Note that a higher ionization yield corresponds to a lower ionization threshold since, in most cases, the ionization yield is classically an increasing function of F. However, the dependence of the yield P on F may be dependent on L 0 . Therefore, the 10% threshold, i.e., the amplitude F value when the yield, P is 10%, may show a slightly different dependence on L 0 from the absolute threshold. The determination of the real ionization threshold for a given finite time would require determination of very low ionization probabilities. To obtain then a statistically significant result, a prohibitively large number of trajectories would be necessary. Thus a comparison with the overlap prediction may be only qualitative ͑also, a finite T in simulations makes a quantitative comparison virtually impossible, as mentioned above͒. For that reason we restrict ourselves mostly to comparisons of ionization yields. Figure 2͑b͒ shows the numerically obtained yield for states elongated perpendicular to the polarization axis. Note that no ionization yield is obtained for high-eccentricity ͑low L 0 ) states even for the quite high F 0 value assumed in the simulation. The yield drops for almost circular states, the overall behavior being in qualitative agreement with the corresponding curve from Fig. 1 . Figure 2͑c͒ shows the ionization yields for initial samples not preselected with respect to the ellipse orientation. Thus they correspond to the thick line prediction in Fig. 1 obtained by averaging over . Again observe the qualitative agreement of the numerical results with the theoretical prediction: a maximum yield occurs for states of medium eccentricity for all assumed microwave amplitude values. As previously FIG. 2. Ionization yield P as a function of scaled angular momentum of the initial orbits L 0 for different orientations of orbits with respect to the LP axis. ͑a͒ ϭ0, 0 ϭ1.2. Circles correspond to a pulse of duration Tϭ100 microwave cycles and F 0 ϭ0.06, while squares correspond to Tϭ300 and F 0 ϭ0.036. In both cases the initial sample consisted of 10 4 trajectories. Note that all orbits with L 0 Ͻ0.4 lead to a comparable ionization yield. ͑b͒ ϭ/2, F 0 ϭ0.08, and Tϭ300. Even when a large yield is obtained for orbits of large L 0 , orbits elongated perpendicular to the polarization axis do not ionize. ͑c͒ Data for initial microcanonical sample ͑all values of are allowed͒: 0 ϭ1.2, Tϭ300, and F 0 ϭ0.045, 0.038, and 0.033 for filled circles, open circles, and triangles, respectively. Note that orbits of medium eccentricity give the largest ionization yield. one may observe a slight shift of the optimal yield with respect to the position of the minimum threshold in the theoretical predictions.
IV. ELLIPTICALLY POLARIZED MICROWAVES
When the polarization of microwaves is not linear, the strength of the interaction between the field and the electron depends on the mutual orientations of the direction of rotation of the electron on its orbit and the direction of rotation of the microwave amplitude. The simplest situation occurs for CP microwaves when only one (␣ϭ1) of the two waves in Eq. ͑2.4͒ is present. For completeness let us recall here ͓12,13͔ that if the electron rotates in the same direction as the field it is much more vulnerable to perturbation and the threshold for the ionization is then much lower than for the opposite case. A transformation from one such situation to the other may be realized by changing the sign of or, equivalently, that of L. As discussed in detail in ͓13͔, this asymmetry is directly related to an asymmetry of values of V n (J,L) ͓Eq. ͑2.9͔͒ with respect to the n→Ϫn ͑or, equivalently, L→ϪL) transformation. We referred to the resonances occurring for the field and the electron rotating in the same direction as corotating ͑those are strong resonances, occurring for LϾ0) and the resonances occurring for LϽ0 as counterrotating ͓13͔.
For a general EP case, as discussed in Sec. III, the electron is in resonance simultaneously with two CP waves of opposite helicity, i.e., one of these resonances is of the corotating type while the other is of the counterrotating type. The corresponding V n (J,L) coupling terms in the Fourier expansion ͑2.7͒ are multiplied by (1Ϯ␣)/2 coefficients. For the LP case, considered in Sec. III, ␣ϭ0 and both terms come with equal weights. Then, as expected, the sign of ͑or L) plays no role.
In the following we shall assume that ␣͓0,1͔ and Ͼ0. Then the electronic orbits with K Ϸ and LϾ0 will be in a strong, corotating resonance with the field, the resonant Fourier expansion coefficient being (1ϩ␣)V 1 (J,L)/2 and the effect of the counter-rotating resonance being small due to both the (1Ϫ␣)/2 factor and the fact that V Ϫ1 ϽV 1 for LϾ0 ͓13͔. On the other hand, for LϽ0, the difference in strength of the V Ϯ1 (V Ϫ1 ϾV 1 ) terms may be partially canceled by the (1Ϯ␣)/2 terms. This may lead to a great variety of possible behaviors of the diffusion threshold field value as a function of L, the orientation of the electronic ellipse with respect to the main axis of the microwave polarization ellipse ͑as given by ; compare Sec. II͒. Figure 3 presents the thresholds for LϾ0 in the L 0 -plane ͑numerical data are presented in scaled variables as before͒. The threshold surface is symmetric around ϭ/2 and the range up to is plotted for better visualization of the surface. For all values of ␣ ͑as indicated in the figure͒, the lowest threshold value, for a given L 0 , is obtained for ϭ0. The sensitivity of the threshold to changes of is the biggest for high-eccentricity ͑low L 0 ), strongly elongated orbits. This is easy to understand: the electron moving on a very elongated ellipse ͑degenerating into a line for L 0 ϭ0) ''feels'' mostly the microwave field component polarized in the direction of its major axis ͑the Runge-Lenz vector͒. On the other hand, the circular orbits are insensitive to . Note that for all ␣ values ͑the degree of ellipticity of the microwave polarization͒ orbits of medium eccentricity have the lowest threshold for unbounded diffusion. Following the line ϭ0 for different ␣ values in Fig. 3 it is easy to notice that the minimal F c value occurs for L 0 Ϸ0.8 for arbitrary ␣.
Typically, for L 0 Ͻ0 the thresholds, as predicted by Eq. ͑2.21͒, lay significantly higher than for L 0 Ͼ0, as shown for a few small values in Fig. 4 . This is expected from the discussion presented above; for L 0 Ͻ0, the leading terms V Ϫ1 and V Ϫ2 and are multiplied by (1Ϫ␣)/2 thus the widths of the resonance islands grow slower than for L 0 Ͼ0. Surprisingly, however, when one allows to take all possible values ͑Fig. 5͒, a spectacular, double-peak stability region centered around ϭ/2 is revealed. The eccentricity of the orbits corresponding to the stability region depends strongly on the degree of the microwave field ellipticity ␣; compare the plots in Fig. 5 .
The stability has a quite simple origin, although its appearance seems to be, at first glance, quite unexpected. Consider again Eq. ͑2.17͒, which gives the width of a given resonance island, and in particular Eq. ͑2.20͒, corresponding to ϭ/2. The contribution of two waves to the resonance island act destructively there. Since, for L 0 Ͻ0, V Ϫm ϾV m for mϾ0, there exists an ␣ value ͑dependent on the resonance number m and the angular momentum L 0 ) where the two terms cancel, leading to the vanishing width of the island. At the cancellation point, the threshold value obtained from the Chirikov criterion is maximal. For the overlap between 1:1 and 2:1 resonance zones, for a given ␣, the width of the 1:1 resonance shrinks to zero at a different value of L 0 from that of the 2:1 resonance island ͑compare Fig. 6͒ , resulting in the double-peak structure in Fig. 5 .
The question remains, however, whether the stability region discussed above is an artifact of the Chirikov overlap criterion analysis valid in first order in F. The results of the numerical simulations, performed for several ␣ values, indicate that indeed the stability region exists and its position is well correlated with the predictions of Eq. ͑2.21͒; compare Fig. 7 . As could be expected, the Chirikov criterion overestimates the stability of the motion in this case. After all the estimation of the resonance island is based on the expansion in F in first order. The disappearance of the island in first order does not preclude existence of the real island up to all orders in F. The primary resonance becomes the secondary resonance with an understandably smaller width. It would be most interesting to extend the analysis to higher-order resonances to get an analytic prediction for the threshold in this region, but this is beyond the scope of the present paper.
To complete the presentation of the EP case, we show in Fig. 8 the thresholds obtained by averaging the Hamiltonian over together with the results of the appropriate numerical simulations. Keeping in mind that the high numerical ionization yield corresponds to a low threshold value ͑much lower than the value of F used in the simulation͒, i.e., that theoretical and numerical simulation curves may be roughly compared if the numerical result is reflected with respect to the horizontal axis, the corresponding curves show nice qualitative agreement. This indicates again that the Chirikov criterion captures the essential features of the ionization threshold.
V. IONIZATION THRESHOLDS FOR THE MICROCANONICAL SAMPLE
After studying in detail the onset of diffusive excitation for different, well-defined initial states, it is now possible to relate the predictions based on Eq. ͑2.21͒ to the results of recent experiment of Bellermann et al. ͓8͔ . As mentioned in the Introduction, in the experiment, atoms entering the cavity have a well-defined principal quantum number n 0 . However, the sample is a mixture of different angular momentum states. The atoms interact with a half-sine-shaped microwave pulse ͑while passing through the cavity͒ of a duration of 153 microwave cycles. Clearly, this is not a situation suitable for the quantitative comparison with the predictions of the Chirikov overlap criterion. For the latter, a flat-top, very long pulse would be more appropriate.
Still, it may be worthwhile to compare qualitatively the experimental results ͑as well as 3D classical simulations that, according to ͓8͔, reproduce quite well the experimental data͒ with the Chirikov overlap estimates. The latter may be obtained based on Eq. ͑2.21͒ which yields the onset of diffusive excitation for a trajectory with a given L and . Since in a 2D atom all L values are equally probable, similarly to all values, it is a straightforward procedure to find the microwave amplitude for which the threshold is reached for a given s% of the microcanonically distributed sample, while the remaining part of the sample is still below the corresponding threshold. This will then be interpreted as the Chirikov overlap prediction for the s% ionization yield ͑assum-ing a very long interaction time͒. Let us note that the approach outlined above is different from the application of the Chirikov overlap criterion used in ͓8͔. The authors of ͓8͔ found the threshold field by determining the minimum of the overlap with respect to all possible trajectories in the microcanonical sample. Since the Chirikov criterion may yield the qualitative estimate of the experimental threshold only ͑for the reasons stated above͒, the simpler approach of ͓8͔ is fully justified for the threshold determination. However, this approach cannot give predictions concerning the dependence of the ionization yield on the microwave field value and its polarization, while our procedure yields also this information.
Rather than giving the absolute microwave scaled field The flat top pulse of duration Tϭ300 cycles and 0 ϭ1.2 was applied to 5000 initial conditions. Filled circles correspond to F 0 ϭ0.09, open circles to F 0 ϭ0.19. Observe the narrow minimum corresponding to the stable double-peaked structure in Fig. 5 . For finite times and due to the statistical errors for a finite sample the splitting into the doublet cannot be observed.
FIG. 8.
Comparison of ͑a͒ the overlap prediction with ͑b͒ results of numerical simulations for samples averaged over possible orientations of electronic orbits ͑i.e., over ); both are represented as a function of the initial L 0 . The ellipticity parameter ␣ϭ0.263 corresponds to experimental data of ͓8͔. In numerical simulations F 0 ϭ0.045, the pulse duration Tϭ300 and 0 ϭ1.2. Note that the maximal yield ͓in ͑b͔͒ nicely corresponds to the minimal threshold value in ͑a͒. States of medium eccentricity with LϾ0 are most susceptible to perturbation and determine the threshold for the microcanonical initial sample. values corresponding to a given s% yield for different polarizations of the microwaves as coming from our Chirikov overlap analysis, we plot their ratio in Fig. 9 Fig. 9͒ .
For a comparison we show also in Fig. 9 the results obtained from a fully numerical 2D model simulation for the microwave pulse of the shape and duration closely resembling the experiment ͓8͔. The numerical results are closer to the experimental data ͓8͔ than the Chirikov overlap estimates. That suggests the difference in the chaotic diffusive transport above the onset of the chaotic motion occurring for LP and CP cases. Specifically since R L is higher for the onset of diffusive motion than for a finite time simulation, we conclude that the diffusion just above the threshold for the CP case is considerably slower than the diffusion occurring for the LP case. This suggests that the remnants of regularity acting as bottlenecks for transport are more important in the CP case. The remaining differences between our simulations in two dimensions and the experimental results and the 3D simulations of ͓8͔ may be due to the reduced dimensionality in our approach.
The results of the previous sections make it easy, on the other hand, to interpret the behavior of R L and R E as a function of s%. Recall that the threshold field value strongly depends on the direction of rotation of the electron on its ellipse and the helicity of microwaves. The strongest difference appears for the CP case ͓12,13͔ when the corotating resonances overlap for much weaker fields than the counterrotating ones. In the initial microcanonical sample, half of it corresponds to initial orbits rotating in the same direction as the field, while the other half rotates in the opposite sense and is weakly perturbed by the microwave field which leads to ionization of the other half. Obviously, there is no such difference in the LP case. In effect, to get, say, 30% ionization in a CP case, one must ionize 60% of the corotating half of the sample, while in the LP case the 30% comes from all the possible trajectories. Stated differently, there are more orbits resistant to perturbation in the CP than in the LP field. In effect, the ionization yield increases with F more slowly in the CP case than in the LP situation. For the general EP field the situation is somewhat in between two extrema, the CP and LP cases.
VI. CONCLUSION
Using the Chirikov overlap criterion we have estimated the onset of unbounded chaotic diffusion in the phase space of the hydrogen atom irradiated by the microwave field of elliptic polarization. The obtained analytic prediction ͓Eq. ͑2.21͔͒ is valid for an arbitrary polarization of the microwaves and the overlap between any m:1 and (mϩ):1 resonances. On the other hand, the prediction is obtained by assuming the expansion in the first order in F. In the discussion that follows we concentrate mainly on the mϭ1 case for which recent experimental results ͓8͔ are available.
We discussed first the LP case showing that the Chirikov overlap criterion predictions indicate that not only quasi-onedimensional orbits pointing in the direction of the polarization axis are most susceptible to ionization. While 1D and 2D threshold values may agree, the orbits that contribute mostly to ionization may have quite small eccentricity. This indicates that 1D models may oversimplify the physics of the LP microwave ionization of H atoms. Let us mention here again that similar conclusions may be reached based on quantum-mechanical results in the same frequency regime ͓19͔. Clearly, additional studies that will compare quantum and classical results in different frequency regions are needed here especially since the optimal classical approach would utilize the second-order invariant ͓19͔ for proper classification of initial orbits. Our results for the CP case ͓13͔ indicate, however, that this optimal choice would not affect strongly the conclusions reached here.
Equation ͑2.21͒ allows us to study the onset of unbounded diffusion for orbits of different shape ͑eccentricity e) oriented in different ways with respect to the polarization ellipse. The initial orbits most susceptible to perturbation have been identified. At the same time we have found an important family of initial orbits that are resistive to the perturbation. Numerical simulations indicate that the stability is only approximate; still, these orbits ionize at much larger microwave amplitudes than the typical orbits. Interestingly, the eccentricity of ''stable'' orbits is dependent on the polarization parameter ␣. Thus irradiating the microcanonical sample by EP microwaves of sufficiently high amplitude may lead to an almost complete ionization of all atoms except those of the eccentricity related to the polarization of EP FIG. 9 . Ratio of the LP microwave amplitude to the CP microwave amplitude, both leading to s% ionization yield, denoted as R L , and a similar ratio for EP microwaves, with ␣ϭ0.263, to the CP amplitude R E as a function of s%. Full circles ͑triangles͒ correspond to R L (R E ) obtained from the Chirikov overlap criterion, while open symbols represent the results obtained numerically for the half-sine microwave pulse with a duration of Tϭ153 microwave cycles, frequency 0 ϭ1.2, and the cutoff n c ϭ110 ͓8͔. The difference between the two reflect the dependence of the diffusion speed on the microwave polarization.
microwaves. This may serve as a crude way of producing atoms in states of a given eccentricity while ''destroying'' the rest of the microcanonical sample.
Finally, we compared the Chirikov overlap predictions as applied to the microcanonical sample with experimental data ͓8͔ providing the explanation of the slower increase of the ionization yield with F for elliptically and even slower for circularly polarized microwaves. This slower increase is due to the existence of orbits less affected by the microwave field, orbits on which the electron rotates in the direction opposite the microwave field vector. We related the disagreement between the overlap prediction and finite time simulations to the fact that the former is conclusive for very long times only. The discrepancy provides information about the difference in diffusion times in the systems compared.
